symmetry breaking elements of OTs are thus expected to give rise to new physical properties through coupling between OTs and other order parameters, which in turn may alter the overall macroscopic responses of a material. It is suggested that these functional DWs may potentially be used as new elements for nanoelectronics. 6 The orientations of permissible (low-energy) DWs are conventionally determined using two conditions: one is the mechanical compatibility condition which requires matching of the atomic displacements of the two adjacent domains to minimize the strain energy; 7 the other is the electrical neutrality condition to minimize the electrostatic energy, e.g. in FE DWs arising from the bound charges. These two conditions are, however, insufficient to predict the orientations of the low-energy OT DWs. To overcome this difficulty, here we propose a third condition, "rotational compatibility condition".
We first derive the rotational compatibility condition from the specific corner-connecting configuration of the oxygen octahedra in perovskites, inferring a universal and strong anisotropy in the OT DW energy. We apply the condition to ferroelastic SrTiO 3 (STO), and the anisotropic DW energies are calculated based on the Ginzburg-Landau-Devonshire (GLD) theory. We then investigate the interaction between the OTs and the FE polarization in multiferroic BiFeO 3 (BFO) and show that the anisotropy of the OT DW energies may drastically alter the relative stability of different types of FE DWs.
Let us start from the oxygen octahedral network of the perovskite structure and choose the Cartesian coordinate system along the crystallographic directions of the pseudocubic lattice.
Due to the corner-sharing feature and rigidity of the oxygen octahedra, the rotation of one octahedron along the x 3 direction requires the rest of octahedra within the same layer (x 1 -x 2 plane) to rotate accordingly, as shown in Fig. 1 (a) and (b). Thus, all the corner-connected octahedra rotate in opposite directions in an alternate pattern leading to a unit-cell doubling. On the other hand, the oxygen octahedra in the adjacent layers are free to rotate in either the same or opposite pattern, which gives rise to the so-called in-phase tilt (Fig. 1b) or out-of-phase tilt (Fig. 1a) ,
respectively. In an out-of-phase tilt, the unit cell is doubled along all the three pseudocubic axes. 8 Since all the OTs can be decomposed into tilt components along the three pseudocubic axes due to the rigidity of the oxygen octahedra, a general OT pattern can thus be expressed using the Glazer notation. 8 In the following we will discuss the rotational compatibility condition using STO as an example.
The crystal structure of the tetragonal STO, Glazer notation a 0 a 0 c -, has only one out-ofphase OT component along the x 3 direction. The antiphase DWs in STO would normally be considered to be isotropic since both the mechanical compatibility and electrical neutrality conditions are not applicable. To demonstrate the effect of the rotational compatibility condition on DWs, we focus our discussion on two distinct types of antiphase DWs. The type-I DWs, as shown in Fig. 1 (e) , are perpendicular to x 3 . Both the neighboring domains produce a zero displacement of the shared oxygen atoms, resulting in almost no disruption in the oxygen positions. Therefore, they are very thin, and the two oxygen octahedral layers across the DWs show the in-phase tilt pattern. This type of DWs are also called "easy walls" with a small DW width and energy. 9 These DWs are analogies to the translational DWs, 10 related to the unit-cell doubling induced by the OTs. The type-II DWs are sketched in Fig. 1 The anisotropy of the OT DWs in STO can be quantitatively analyzed within the GLD framework. For simplicity, the stress-free boundary condition is assumed, and the elastic energy contribution is neglected. The total free energy of the OT domains can then be written as the function of the OT order parameters,
where V is the system volume; ij κ κ − . 9 The maximum value corresponds to the DWs that have their normal lying within the 2 1 x x plane. They correspond to the high-energy DWs, and a particular example is the type-II DWs discussed previously. In order to better visualize the eff κ surface, a cross section along the 3 1 x x plane is plotted in Fig. 2(b) . The minimum of eff κ is realized when the wall normal is along the 3
x axis, as expected. The calculated anisotropy in eff κ corresponds to the DW energy anisotropy, consistent with the predictions from the rotational compatibility condition. Therefore, the rotational compatibility condition originated from the atomistic characteristics of the OTs can be well modeled by the continuum GLD theory by considering the strong anisotropy of the gradient energy coefficients.
The OTs are usually not the sole order parameters that exist in perovskites, and they typically interact with other order parameters such as polarization, strain and so on. To understand the influence of the OTs on the FE DW energy anisotropy, we consider BFO as an example.
To describe the OT and polarization DWs in BFO, we adopt the
are the polarization and OT components in two adjacent domains. In a given rhombohedral BFO domain, the polarization and out-of-phase OTs are along one of the eight body diagonal <111> pseudocubic directions. 14 For a particular polarization direction, there are two possible OTs, either parallel or antiparallel to the polarization. The two cases are illustrated with one dimensional (1D) schematic drawings of a FE+OT DW and a pure FE DW in Fig. 3 i.e. . The coordinate system is rotated if necessary to guarantee that the wall normal is always along the x 1 direction. Due to the periodic boundary conditions, two DWs exist in the system, and the system size is chosen to be sufficiently large to avoid the interactions between the two walls.
The DW energies of the nine possible types of walls obtained from the phase-field simulations are given in Table II , and the first-principles calculation results are included for comparison. 15 The agreement from our phenomenological predictions and the first-principles are quite reasonable, considering the fact that there are numerical and systematic errors in both methods.
As predicted by the rotational compatibility condition Table SII ).
To understand the origins of the relative magnitudes of the three lowest energies, we plot the order parameter profiles across the three DWs obtained from the phase-field simulations in Fig. 3 (c) , (d) and (e). They are qualitatively consistent with the first-principles calculations and experimental measurements. 21 It should be noted that the first-principles calculations were performed at 0K, and the DW width is smaller than our values obtained at room temperature. As shown in Fig. 3 (c) Table I ). The OT pattern at the DW is a -a -c + , similar to that in Pnma, the space group of the high temperature BFO. 14 This DW structure was also observed in Ref. 15 , and is believed to be related to the high conductivity at the DW. 6 The ] Fig. 3e) , however, does not satisfy the rotational compatibility condition since the wall normal is not along any pseudocubic axes. Therefore, the energy and width of the 71 o DW are much larger than those of the 109 o DW. Furthermore, as shown in Fig. 3(d [25] [26] [27] [28] Therefore, it is not sufficient to consider the polarization gradient alone to obtain the DW energy and its anisotropy in BFO.
To conclude, the specific corner-connecting feature of the oxygen octahedral network is shown to be responsible for the strong anisotropy of the domain wall (DW) energy in perovskites with oxygen octahedral tilt (OT) instability. It is demonstrated that there exist universal lowenergy DWs, the orientations of which can be determined by the proposed rotational compatibility condition. This anisotropy can be described by the relation, 
